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FLUID OBSERVERS AND TILTING COSMOLOGY
A.A. COLEY, S. HERVIK, W.C. LIM
Abstract. We study perfect fluid cosmological models with a constant equa-
tion of state parameter γ in which there are two naturally defined time-like
congruences, a geometrically defined geodesic congruence and a non-geodesic
fluid congruence. We establish an appropriate set of boost formulae relat-
ing the physical variables, and consequently the observed quantities, in the
two frames. We study expanding spatially homogeneous tilted perfect fluid
models, with an emphasis on future evolution with extreme tilt. We show
that for ultra-radiative equations of state (i.e., γ > 4/3), generically the tilt
becomes extreme at late times and the fluid observers will reach infinite ex-
pansion within a finite proper time and experience a singularity similar to
that of the big rip. In addition, we show that for sub-radiative equations of
state (i.e., γ < 4/3), the tilt can become extreme at late times and give rise
to an effective quintessential equation of state. To establish the connection
with phantom cosmology and quintessence, we calculate the effective equation
of state in the models under consideration and we determine the future as-
ymptotic behaviour of the tilting models in the fluid frame variables using the
boost formulae. We also discuss spatially inhomogeneous models and tilting
spatially homogeneous models with a cosmological constant.
1. Introduction
In cosmology it is essential to specify a set of observers, or rather a congruence
of world-lines, from which observations are made. Physical quantities, such as the
Hubble parameter, depend on the choice of congruence and consequently the Hub-
ble parameter is observer-dependent. In this paper, we will consider a universe with
two different congruences of observers, with respect to which the interpretation of
the Universe can be radically different. Spatially homogeneous perfect fluid uni-
verses in which the fluid is not necessarily comoving with the spatially homogeneous
hypersurfaces are prime examples of this phenomenon, and have the advantage that
they are dynamical solutions to Einstein’s field equations and can model some fea-
tures of our real Universe. For example, in these models the observers moving with
the geometric congruence can experience an ever-expanding non-inflating universe,
while observers moving with the matter congruence can experience an inflating
universe.
For spatially homogeneous (SH) Bianchi cosmological models, the universe is
foliated into space-like hypersurfaces (defined by the group orbits of the respective
model) [1, 2, 3, 4]. For these perfect fluid models there are two naturally defined
time-like vector fields (i.e., congruences): the unit vector field, na, normal to the
group orbits and hence orthogonal to the surfaces of transitivity (the ’geometric’
congruence), and the four-velocity, ua, of the fluid (the ’matter’ congruence); see
Figure 1. If ua is not aligned with na, the model is called tilted (and non-tilted
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Figure 1. The normal and the fluid congruences defined by the
vector fluids na and ua, respectively. The space-like hypersurfaces
Σ are orthogonal to na and are defined for each Bianchi types by
the group orbits of the respective Lie group.
or orthogonal otherwise) [5]. The geometric congruence is necessarily geodesic,
vorticity-free and acceleration-free. The matter congruence , on the other hand, is
not necessarily geodesic and can have both vorticity and acceleration. 1 Usually,
the kinematical quantities associated with the normal congruence na of the spatial
symmetry surfaces, rather than the fluid flow ua, are used as variables (a comoving
fluid description is presented in Appendix A). Following [5], tilt variables vα are
introduced, so that in an orthonormal frame where na = (1, 0, 0, 0), we have
(1) ua =
1√
1− v2
(
1, v1, v2, v3
)
,
where v2 ≡ vαvα, v2 ≤ 1.
We will assume a perfect-fluid matter source with p = (γ − 1)µ as equation
of state, where µ is the energy density, p is the pressure, and γ is a constant.
Causality then requires γ to be in the interval 0 ≤ γ ≤ 2. A positive cosmological
constant may also be included in the models. Such SH tilted cosmologies with a
γ-law perfect fluid source have been studied by a number of authors. The tilted
Bianchi type II model was studied in [6], the type V model in [7, 8, 9, 10, 11], type
VI0 in [12, 13, 14], types IV and VIIh in [15, 16], a subset of the type VIh models
in [15], irrotational type VII0 models in [15, 17], general tilted type VII0 models in
[18], and tilted type VIII models in [19].
It is known that the tilt can become extreme asymptotically (i.e., v2 → 1).
Although it is possible for tilt to be extreme both to the past and to the future,
we shall focus on the late-time behaviour of the tilted Bianchi models here. The
extreme tilt future attractors in SH models (without a cosmological constant) are
summarized in Table 1 (using the notation of [12] – [19]). In particular, let T
be the proper time as measured along the fluid congruence. The fluid congruence
is usually inconvenient for computation, and so a second congruence utilizing a
temporal gauge called the separable volume gauge [20] is used (e.g., the orthogonal
frame for SH models). Let t and H be the proper time and the Hubble scalar
associated with this congruence. The separable volume gauge allows a convenient
computational time variable τ , called the dynamical time, to be defined globally
1Perfect fluids with non-zero pressure have non-zero 4-acceleration when ua 6= na.
FLUID OBSERVERS AND TILTING COSMOLOGY 3
Bianchi Extreme Other sinks
model Matter tilt sink in set
II 149 < γ < 2 E(II) No
IV 65+2Σ+ < γ < 2, − 14 < Σ+ < 0 L˜−(IV) Yes for γ <
4+Σ+
3
3
2−Σ+
< γ < 2, − 12 < Σ+ < − 14 E˜−(IV) No
V 65 < γ < 2 M− Yes for 65 < γ < 43
VI0
6
5 < γ < 2 E(VI0) No
VIh γ˜h < γ < 2 [*] [*] [*]
VII0
4
3 < γ < 2 P˜4(VII0) No
VIIh
6
5+2Σ+
< γ < 2, − 14 < Σ+ < 0 L˜−(VIIh) Yes (P) for γ < 4+Σ+3
3
2−Σ+
< γ < 2, − 12 < Σ+ < − 14 E˜(VIIh) No
VIII 1 < γ < 2 E˜1(VIII) No
Table 1. Summary of extremely tilted future attractors. [*] There
are extremely tilted attractors in the Bianchi VIh models, but not
all of the sinks have been determined in this case to date; for
−1 < h < 0, h 6= −1/9, we have that γ˜h < 6/5 (for h < −1, we
have that γ˜h < 4/3).
for the entire congruence of world-lines:
(2)
dτ
dt
= H .
For an individual fluid world-line, along which the spatial coordinates are held
fixed, we have the following relation between T and t:
(3) dT =
√
1− v2 dt .
We can now express the proper time elapsed, ∆T , along this fluid world-line as an
integral over τ :
(4) ∆T = T2 − T1 =
∫ t2
t1
√
1− v2 dt =
∫ τ2
τ1
1
H
√
1− v2 dτ .
Physically, τ is directly related to the length scale ℓ; H = 1
ℓ
dℓ
dt and (2) imply that
ℓ = ℓ0(x
i)eτ . As ℓ→∞, so does τ . In this paper we are interested in whether ∆T
is finite or infinite as τ2 → ∞. If ∆T is finite and H → ∞ as τ2 → ∞, then the
congruence is future incomplete: the fluid observers will reach infinite expansion
within finite proper time. Therefore, in spite of the fact that these spacetimes are
future geodesically complete [21], the world-lines defined by the fluid congruences
can approach null infinity so quickly that the proper time as measured by the fluid
observer is finite.
In this paper, we study perfect fluid cosmological models in which there are two
naturally defined congruences, a geometrically defined geodesic congruence and a
non-geodesic fluid congruence. In Appendix B we establish an appropriate set of
boost formulae relating the physical variables in the two congruences. We study
expanding spatially homogeneous tilted perfect fluid models, with an emphasis on
future evolution with extreme tilt. In order to set the stage, we shall first discuss the
Bianchi type V model in some detail. We shall then discuss spatially homogeneous
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models with a cosmological constant and various models (Bianchi types VII0, VIIh
and VIII) in the absence of a cosmological constant. We then briefly discuss general
spatially inhomogeneous models with a cosmological constant. We find that for γ >
4/3, expanding spatially homogeneous tilting universes come to a violent end after
a finite proper time, reminiscent to that of cosmological models with a ’phantom
energy’ equation of state parameter which end in a big rip. We also find that for
γ < 4/3) the tilt can become extreme at late times and give rise to an effective
quintessential equation of state.
To establish the potential connection with phantom cosmology and quintessence,
we determine the effective equation of state in the models under consideration as
seen by the fluid observer. In order to investigate the future asymptotic behaviour of
the cosmological models we then determine the asymptotic behaviour of the tilting
models in the fluid frame variables using the boost formulae derived in Appendix
B. We also study the asymptotic dynamical behaviour of a class of LRS Bianchi
type V solutions into the past, and show that they can be extended along the
fluid congruence. We conclude with a discussion, with an emphasis on the physical
interpretation of the models.
2. Bianchi type V
The irrotational Bianchi type V perfect fluid models were studied in [10]; it was
shown that the tilt can become extreme (in a finite time as measured along the
fluid congruence). The global structure of Bianchi V models was studied in more
detail in [9]. It was shown that for models with 4/3 < γ ≤ 2, to the future, as T
approaches some finite limiting value, the fluid world-lines become null (with respect
to the geometric congruence), and the expansion, the shear, the acceleration, and
the length scale ℓ all diverge but the matter density (and curvature scalars) tend
to zero; i.e., the models end at a ’conformal singularity’ (this peculiar behaviour is
depicted in Figs 7(ii) and 8 in [9]; dynamically an observer is accelerating so quickly
that their world-line becomes null near null infinity in finite proper time, signifying
the onset of structural instability in the field equations in these models).
This peculiarity occurs for ultra-radiative equations of state. Such an equation
of state may not be physically appropriate at late times, although in [22] it was
argued that the future is dynamically radiation dominated (but with an always
sub-radiative equation of state). This perhaps indicates that models (or rather the
governing equations) with an ultra-radiative equation of state may not be well-
posed at late times (i.e., structurally unstable). However, we shall show later that
a similar type of physical behaviour may occur for particular SH universes with a
sub-radiative equation of state.
2.1. Analysis. We shall first show that the fluid proper time is finite as the solution
approaches the equilibrium point M− for the case 4/3 < γ < 2 in the absence of
a cosmological constant (see Fig. 10 in [10]). We shall make use of the evolution
equations (denoted by HW) in [10]. There, the equilibrium point M− is described
by
(5) Σ+ = Σ− = 0 , A = 1 , v = −1 ,
with the density parameter Ω = 0 from HW(2.13) and the deceleration parameter
q = 0 from HW(2.14). By linearizing equations HW(2.10) and HW(2.11) about
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M−, we heuristically obtain the decay rates as τ → ∞ for the Hubble scalar
H = θ/3 and the quantity
√
1− v2:
(6) H ≈ H0e−τ ,
√
1− v2 ≈ (
√
1− v2)0 exp
(
−5γ − 6
2− γ τ
)
,
which have been confirmed by our numerical simulations. Finally, it follows from
(4) that the fluid proper time in the future asymptotic regime is
(7) ∆T ≈
∫ ∞
τ0
(
√
1− v2)0
H0
exp
(
−2(3γ − 4)
2− γ τ
)
dτ ,
which is finite for 4/3 < γ < 2, as claimed. This is consistent with the analysis of
Collins and Ellis [9, second table in Fig. 7].
2.2. Cosmological constant. Spatially homogeneous cosmological models with a
positive cosmological constant were investigated using dynamical systems methods
in [23], extending the tilted LRS Bianchi type V analysis of [10] to the Λ 6= 0 case.
Unlike the case of orthogonal Bianchi models (including type IX), in which the de
Sitter point is the only new equilibrium point, when extending these models from
the Λ = 0 case tilted models have additional equilibrium points, namely the de
Sitter point with extreme tilt for γ 6= 4/3, and with arbitrary tilt for γ = 4/3.
In the LRS case, the field equations and conservation equations give rise to a low
dimensional constrained dynamical system when written in terms of dimensionless
variables. Focusing on the future evolution of these models, all of the sinks were
determined. The conventional de Sitter solution is a sink for γ < 4/3. The only
sinks in the case γ > 4/3 are the de Sitter points with extreme tilt (v = ±1).
The threshold value γ = 4/3 is particularly interesting, as a non-zero cosmological
constant then implies v′ = 0 for any value of v. In other words, for each value of
the tilt variable v, there is a de Sitter equilibrium point [23].
Therefore, in general, for Bianchi type V models with γ > 4/3, the tilt becomes
extreme at late times. The fluid motion is no longer orthogonal to the surfaces
of homogeneity, and the rest spaces of an observer comoving with the fluid need
not be spatially homogeneous and the model will not seem to isotropize. (When
following the normal congruence, on the other hand, the fluid will no longer look
perfect.)
It has been shown that expanding non-type-IX Bianchi models with a positive
cosmological constant isotropize to the future (cosmic no hair theorem) [24]. This
result applies to tilted models, but the isotropization is with respect to the con-
gruence normal to the homogeneous symmetry surfaces – not the fluid congruence
[25]. Thus in the Bianchi type V models the the space-time generically becomes de
Sitter-like, in accordance with the cosmic no hair theorem, but since the tilt does
not die away, isotropization of the cosmology does not occur with respect to the
fluid congruence. It may be possible to extend beyond the apparent limiting point
to a region with time-like symmetries, as discussed in [9].
3. Spatially Homogeneous Models
In general, SH models are not asymptotically isotropic.
3.1. Isotropic Asymptotia. The spatially homogeneous models isotropize to the
future in the presence of a positive cosmological constant [24].
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3.1.1. Cosmological constant. Let us investigate a SH model with a cosmological
constant and a tilted perfect fluid with p = (γ − 1)µ. Consider the asymptotic
behaviour of the following solution which corresponds to an equilibrium point of
the system of governing equations:
Solution: de Sitter (dS) with an extremely tilted perfect fluid.
Asymptotic behaviour [26]: H = H0,
√
1− v2 ≈ (√1− v2)0 exp
(
− 3γ−42−γ τ
)
.
This gives for ∆T :
(8) ∆T ≈
∫ ∞
τ0
(
√
1− v2)0
H0
exp
(
−3γ − 4
2− γ τ
)
dτ ,
which is finite for 4/3 < γ < 2. This solution is the future attractor for 4/3 < γ < 2
and therefore represents the generic behaviour for this model.
3.1.2. Intermediate behaviour. In the absence of a cosmological constant, in general
SH models are not asymptotically isotropic. However, these models can spend a
long time close to a Friedmann model corresponding to a saddle point [2]. Therefore,
let us consider one non-tilting perfect fluid with p⊥ = (γ⊥ − 1)µ⊥ and one tilting
fluid with p = (γ − 1)µ. We assume that the non-tilting fluid is dominant and has
γ⊥ < γ. Consider the equilibrium point:
Solution: Friedmann F , with H ≈ H0 exp(− 32γ⊥τ) with extremely tilted second
fluid.
Asymptotic behaviour:
√
1− v2 ≈ (√1− v2)0 exp
(
− 3γ−42−γ τ
)
.
This gives for ∆T :
(9) ∆T ≈
∫ ∞
τ0
(
√
1− v2)0
H0
exp
(
−3γ − 4−
3
2γ⊥(2− γ)
2− γ τ
)
dτ.
In the class of SH models F is a saddle for 2/3 < γ⊥ < 2 and represents possi-
ble intermediate behaviour. This means that for solutions spending a finite (but
arbitrarily long) time close to the saddle F , exhibiting quasi-isotropic behaviour
consistent with observations [2], the Hubble parameter as measured by the fluid,
Hfluid, can become arbitrarily large. Of particular interest are the cases when the
non-tilting fluid is dust (γ⊥ = 1) or radiation (γ⊥ = 4/3) for which ∆T is finite for
γ > 14/9 and γ > 8/5, respectively.
3.2. Anisotropic Asymptotia. There will be different asymptotic end-states de-
pending on Bianchi types (where the criteria may depend on γ). In all of the cases
below we have one tilted perfect fluid.
3.2.1. Bianchi type VII0. The investigation of the type VII0 model is important for
several reasons. First, the type VII0 model is the most general spatially homoge-
neous model allowing for the flat Friedmann-Robertson-Walker (FRW) model as a
special case. Both the Bianchi type I model and the VII0 generalise the flat FRW
model; however, since the Bianchi type I perfect fluid model does not allow for tilt,
only the Bianchi type VII0 model can be used to investigate the effect of tilt on
the evolution of the universe close to flatness. In addition, the type VII0 model
plays an important role in the Bianchi hierarchy. For example, the type VII0 is a
special limit of both the ’most general’ type VIII and type IX models. Also, unlike
the other Bianchi models of solvable type, the type VII0 state space is unbounded.
The type VII0 model is not asymptotically self-similar to the future because the
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unbounded growth of one of the curvature variables leads to oscillations in the shear
and the curvature variables [2].
The Bianchi type VII0 model with a tilted γ-law perfect fluid was studied in
[18] using expansion-normalised variables and utilizing a formalism adapted to the
time-like geodesics orthogonal to the hypersurfaces defined by the type VII0 group
action. In particular, the future asymptotic states were determined. Regarding the
tilt velocity, it was shown that for fluids with γ < 4/3 (which includes the important
case of dust, γ = 1) the tilt velocity tends to zero at late times, while for a radiation
fluid, γ = 4/3, the fluid is tilted and its vorticity is dynamically significant at late
times. For fluids stiffer than radiation (γ > 4/3), the future asymptotic state is an
extremely tilted spacetime with vorticity.
For 4/3 < γ < 2, the solution corresponding to the sink [18] has the asymptotic
form
(10) H ≈ H0e−2τ ,
√
1− v2 ≈ (
√
1− v2)0 exp
(
−3γ − 4
2− γ τ
)
.
This implies,
(11) ∆T ≡
∫ ∞
τ0
1
H
√
1− v2dτ ≈
∫ ∞
τ0
(
√
1− v2)0
H0
exp
(
−5γ − 8
2− γ τ
)
dτ,
which corresponds to the proper time of an observer from τ = τ0 to τ =∞ following
the fluid congruence, there is a change of behaviour at γ = 8/5. For models with
γ ≤ 8/5, we find that this integral diverges. However, for fluids with γ > 8/5, we
find that this integral is finite. Since asymptotically at late times a fluid with γ >
8/5 will be extremely tilted, this means that the fluid will reach future null infinity
in finite proper time. This is consistent with the work of [22] 2. As discussed earlier,
a similar phenomenon occurs for the LRS Bianchi type V model with γ > 4/3 [9].
3.2.2. Bianchi type VIIh. For this model the appropriate solutions are vacuum
plane waves with extreme tilt (see [15, 16] for details). There are two possible
asymptotic states depending on a parameter Σ+:
(1) L˜−(V IIh): Stable for 6/(5 + 2Σ+) < γ < 2, −1/4 < Σ+ < 0.
Asymptotic behaviour: H ≈ H0e−(1−2Σ+)τ ,√
1− v2 ≈ (
√
1− v2)0 exp
(
−2(5γ − 6 + 2γΣ+)
2− γ τ
)
.
This gives for ∆T :
∆T ≈
∫ ∞
τ0
(
√
1− v2)0
H0
exp
(
−2(3γ − 4 + 2Σ+)
2− γ τ
)
dτ.
(2) E˜(V IIh): Stable for 3/(2− Σ+) < γ < 2, −1/2 < Σ+ < −1/4.
Asymptotic behaviour: H ≈ H0e−(1−2Σ+)τ ,√
1− v2 ≈ (
√
1− v2)0 exp
(
−2(1− 2Σ+)(2γ − 3− γΣ+)
3|Σ+|(2− γ) τ
)
.
2In particular, the dynamical future of radiation dominated Bianchi VII0 models, regarded
as homogeneous perturbations of flat Friedmann model, was studied in [22]. At late times it
was found that v ∼ ℓ(3γ−4), ω/H2 ∼ ℓ(9γ−10) , signifying a growing vorticity instability. It was
consequently found that the flat radiation filled Friedmann model is unstable to the development
of vorticity.
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This gives for ∆T :
∆T ≈
∫ ∞
τ0
(
√
1− v2)0
H0
exp
(
− (1− 2Σ+)
2(2γ − 3)
3|Σ+|(2 − γ) τ
)
dτ.
In the case −1/2 < Σ+ < −1/4, the asymptotic state is actually a closed orbit, so
in calculating the decay rates we have considered the appropriate averaged value
as described in Section 4 of [16]. From the above expressions ∆T is finite whenever
γ > (4−2Σ+)/3 for −1/4 < Σ+ < 0 and γ > 3/2 for −1/2 < Σ+ < −1/4. However,
since for a given type VIIh model any −1/2 < Σ+ < 0 is possible, we have that:
For tilting perfect fluid models of Bianchi type VIIh with equation of state parameter
4/3 < γ < 2, there exists a set of solutions of non-zero measure for which ∆T is
finite.
3.2.3. Bianchi type VIII. These models are asymptotically extremely tilted for 1 <
γ < 2 and the asymptotic solution is an extremely Weyl-curvature dominated model
(in the language of [27]). The solutions tend to a vacuum state but do so rather
slowly: µ/H2 ∝ 1/τ . We refer to [19] for details.
Asymptotic behaviour (1 < γ < 2): H ≈ H0τ 14 exp
(− 32τ),√
1− v2 ≈ (
√
1− v2)0τ
1
2(2−γ) exp
(
−3(γ − 1)
2− γ τ
)
.
This gives for ∆T :
(12) ∆T ≈
∫ ∞
τ0
(
√
1− v2)0
H0
τ
γ
4(2−γ) exp
(
−3(3γ − 4)
2(2− γ) τ
)
dτ,
which is finite for 4/3 < γ < 2.
4. General Spatially Inhomogeneous Models with a cosmological
constant
It is known that for general spatially inhomogeneous perfect fluid models with
a cosmological constant, the de Sitter solution with extreme tilt3 is locally stable
for 4/3 < γ < 2 [26, 21]. The de Sitter asymptotic expansion is given in [26]. From
Equations (3.43) and (3.28) of [26], we have that
(13) H ≈ H0 ,
√
1− v2 ≈ (
√
1− v2)0 exp
(
−3γ − 4
2− γ τ
)
,
and thus
(14) ∆T ≈
∫ ∞
τ0
(
√
1− v2)0
H0
exp
(
−3γ − 4
2− γ τ
)
dτ ,
which is finite for 4/3 < γ < 2, as required.
A comment on the physical ramification of this result is in order. We note that
for 4/3 < γ < 2, the generic behaviour is v → 1, which implies that inflation does
not isotropise an ultra-radiative fluid. Even if inflation is turned off after a certain
number of e-foldings, Hfluid can become arbitrary large. However, as noted above,
this result does not contradict the cosmic no-hair theorem [24], since generically
the space-time is dynamically de Sitter-like (in the normal frame).
3Here the tilt refers to the fluid tilt with respect to a congruence whose acceleration tends to
zero.
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5. Effective equation of state
We observe that the future dynamical evolution of the models under investigation
(with γ > 4/3) is reminiscent to that of cosmological models with a constant
equation of state parameter γeff < 0, dubbed ’phantom energy’, in which expanding
universes end in a singularity called the big rip after a finite proper time [28]. To
establish the connection with physics let us determine the effective equation of
state, as measured by the fluid observer, in the models under consideration.
For convenience, we first present the generic boost formula (see Appendix B) for
the Hubble scalar:
(15) Hfluid = ΓBH ,
where
(16) B = 1− 23vαAα + 13vαU˙α + 13Γ−1∂0(Γ) + 13Γ−1∂α(Γvα) .
A fluid version of (2) can be defined along an individual fluid world-line:
(17)
dτfluid
dT
= Hfluid .
Then the two dynamical times are related by
(18) dτfluid = B dτ .
We note that a finite ∆T implies the divergence of Hfluid. Indeed, in the examples
above Hfluid diverges.
Let us now consider that the fluid observer interprets the Universe as a flat
Friedmann universe with an effective equation of state. We define the effective
density µeff and effective pressure peff for the fluid frame by writing the Fried-
mann equation as 0 = 3H2fluid − µeff , and the Raychaudhuri equation as e0Hfluid =
−H2fluid− 16 (µeff+3peff), as is standard. Equivalently, expressed in terms of Hubble-
normalized variables, we have Ωeff = 1, qfluid =
1
2 (Ω+3P )eff . We define the effective
equation of state parameter γeff as
(19) γeff =
Peff
Ωeff
+ 1 ,
so that γeff is given by
(20) γeff =
2
3 (qfluid + 1) .
If the limit of qfluid as τ → ∞ exists, then it can be read of from the leading
exponent of Hfluid since
(21) Hfluid ≈ (Hfluid)0e−(qfluid+1)τfluid ,
and τfluid = Bτ in the limit. Thus if Hfluid ≈ (Hfluid)0ekτ , then qfluid + 1 = −k/B
and
(22) γeff = − 2k
3B
.
For the LRS Bianchi type V models 4, on the approach to M−, we have that
(23) k =
2(3γ − 4)
2− γ , B =
4
3(2− γ) ,
4The effective equation of state in the LRS Bianchi type V models can be calculated directly
in fluid-frame variables (see Appendix A).
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and so
(24) γeff = −(3γ − 4) < 0 for γ > 43 ;
i.e., on approach to M− the ultra-radiative fluid effectively behaves like a phantom
energy in an isotropic and spatially flat spacetime5.
Similarly, for the de Sitter asymptotic state we have that
(25) k =
3γ − 4
2− γ , B =
2
3(2− γ) ,
and coincidentally
(26) γeff = −(3γ − 4) < 0 for γ > 43 .
This is the general case in inhomogeneous cosmological models with a cosmological
constant. As the de Sitter asymptotic state is approached the ultra-radiative perfect
fluid effectively behaves like a phantom energy in an isotropic and spatially flat
spacetime. Note that inflation does not stop the big rip from occurring.
Let us now consider the SH models discussed above. For the Bianchi type VIII
example, we have that
(27) k =
3(3γ − 4)
2(2− γ) , B =
1
2− γ ,
and again
(28) γeff = −(3γ − 4) < 0 for γ > 43 .
We also note that for the Bianchi VIII model the future attractor is of extreme tilt
for γ > 1, and so 0 < γeff < 1 for 1 < γ <
4
3 .
For the Bianchi type VII0 example, we have
(29) k =
5γ − 8
2− γ , B =
2
3(2− γ) ,
and
(30) γeff = −(5γ − 8) < 0 for γ > 85 .
We attribute this difference from the previous cases to the fact that Bianchi type
VII0 models are geometrically more special than Bianchi type VIII models. For the
first Bianchi type VIIh example, we have that
(31) k =
2(3γ − 4 + 2Σ+)
2− γ , B =
4(1 + Σ+)
3(2− γ) ,
and
(32) γeff = −3γ − 4 + 2Σ+
1 + Σ+
< 0 for γ > 43 − 23Σ+,
where Σ+ satisfies − 14 < Σ+ < 0. And for the second Bianchi type VIIh example,
we have that
(33) k =
(1− 2Σ+)2(2γ − 3)
3|Σ+|(2− γ) ,
5Note that for γ = 4
3
, we obtain an effective equation of state corresponding to a cosmological
constant. However, in this case the future attractors are not of extreme tilt and the asymptotic
decay rates will differ.
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and B is a complicated constant. But since B is always positive, we have that
γeff < 0 for γ >
3
2 . Similarly, for the two-fluid example, we have γeff < 0 for
γ > 2(4+3γ⊥)3(2+γ⊥) . In the generic Bianchi type VIII example the ultra-radiative perfect
fluid effectively behaves like a phantom energy. In the more special examples, the
requirement is that the equation of state must be equal to or higher than that of
radiation.
In order to compare the future asymptotic behaviour with the behaviour of
various types of big rip singularities [28, 29], in the next section we shall determine
the asymptotic behaviour of the tilting models in the fluid frame variables.
5.1. Quintessence. We also see from above that there are models which have
extreme tilt asymptotically, but for γ ≤ 43 the effective equation of state is that
of a cosmological constant (γeff = 0) or that of quintessence [31] (0 < γeff <
2
3 ).
If γ ≤ 43 , then the future attractor may not be of extreme tilt, in which case the
corresponding dynamics is very special. But, from Table 1, there do exist some
extreme tilt sinks for γ ≤ 43 . For example, for Bianchi type VIII models there is a
unique future attractor E˜1 which is of extreme tilt for all γ > 1, but from equation
(28) we see that there are models with 109 < γ <
4
3 that lead to 0 < γeff <
2
3 , and
thus generically mimic the dynamics of quintessence cosmological models. In the
case of Bianchi models of type V, for 65 < γ <
4
3 we again obtain quintessential
behaviour (a similar behaviour will occur in type VI0 and VIh models; however, in
all of these cases the extreme tilt sink is not the only future attractor). For certain
values of Σ+ (see Table 1), the Bianchi type VIIh models also lead to quintessence.
We note that spatially homogeneous and inhomogeneous models with a cosmological
constant cannot generically give rise to quintessential behaviour since there appear
to be no future attractors with extreme tilt when γ < 43 (although, of course, the
models are already inflating).
6. Fluid frame variables
Let us next determine the asymptotic behaviour of the tilting models in the fluid
frame variables using the boost formulae given in Appendix B. In particular, we
shall present the de Sitter limit and the Bianchi type VIII future asymptotic limits
as examples.
For the de Sitter limit, the asymptotic form is given in [26] (eqs. (3.22)-(3.28)
and (3.43)). Note that the asymptotic form for vα in [26], eqs. (3.27) and (3.28)
can be simplified to
(34) vα = vα0 +O(e−rτ ) , 1− v2 = e−rt[(1− v2)0 +O(e−rτ )] ,
where r = 2(3γ − 4)/(2− γ). That is, the O(e−τ ) term is zero. The outline of the
proof is as follows; we choose a spatial frame such that vα → (1, 0, 0) and we show
that the O(e−τ ) term is zero. The result is true for any Fermi-propagated frame.
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With this simplification, we apply the boost formulae in the appendix to the
asymptotic forms to obtain the fluid frame variables for the case γ > 43 :
Hfluid =
2
3(2− γ)Γ0
√
Λ
3
e
1
2 rτ +O(e− 12 rτ + e( 12 r−1)τ )(35)
aαfluid = −Γ0
√
Λ
3
vα0 e
1
2 rτ + [coef]e(r−1)τ +O(1 + e( 12 r−1)τ )(36)
u˙αfluid =
2(γ − 1)
2− γ Γ0
√
Λ
3
vα0 e
1
2 rτ + [coef]e(r−1)τ +O(1 + e( 12 r−1)τ )(37)
σαβfluid =
1
2
rΓ0
√
Λ
3
v
〈α
0 v
β〉
0 e
1
2 rτ + [coef]e(r−1)τ +O(1 + e( 12 r−1)τ ) ,(38)
all of which diverge as τ →∞, while
(39) ωαβfluid, Ω
αβ
fluid, n
αβ
fluid = O(1 + e(r−1)τ ) ,
which diverge for γ > 107 .
The factors that contribute to the divergence (in the e
1
2 rτ term) are the ΓH
term (affecting Hfluid, a
α
fluid and u˙
α
fluid), and the e0 terms (affecting Hfluid, u˙
α
fluid
and σαβfluid). We now look at the general situation for the existence of a singularity.
We observe that, in order for a singularity to occur along the fluid congruence, the
factor ΓH in (4) must diverge sufficiently rapidly. The factor ΓH also appears in
the boost formulae for H , aα and u˙α, so these variables for the fluid frame generally
diverge, unless any cancellation occurs. This indicates that a singularity is generally
characterized by the divergence of H , aα and u˙α. This leads us to speculate that
a singularity along a congruence is primarily affected by the rate of expansion and
the acceleration of the congruence rather than its shear and vorticity. Furthermore,
the spatial curvature component aα plays a more significant role than nαβ and the
frame rotation Ωαβ plays a less significant role.
We next present the asymptotic forms for the dominant variables for the Bianchi
type VIII limit. From [19], the asymptotic forms for the variables along the con-
gruence normal to the SH hypersurfaces are
H ≈ H0e− 32 τ , σ+ ≈ 12H0e−
3
2 τ , n+ ≈ (n+)0τ− 34 ,(40)
1− v2 ≈ (1− v2)0τ
1
2−γ e−
6(γ−1)
2−γ τ , v1 ≈ 1 +O(1− v2) , v2, v3 ≈ O(τ 34 e− 32 τ )
(41)
σ12, σ13 ≈ O(τ− 14 e−3τ ) , σ1 ≡ (σ2− + σ2× + n2− + n2×)H2 = O(τ−1) ,(42)
as τ → ∞, valid for 1 < γ < 2. Applying the boost formulae in the appendix, we
obtain
Hfluid ≈ 1
2− γΓ0H0τ
− 1
2(2−γ) e
3(3γ−4)
2(2−γ)
τ(43)
a1fluid ≈ (2− γ)Hfluid , u˙1fluid ≈ (2γ − 1)Hfluid , (σ+)fluid ≈ (3γ − 4)Hfluid ,
(44)
(n+)fluid ≈ Γ0(n+)0τ−
8−3γ
4(2−γ) e
3(γ−1)
2−γ τ ,(45)
as τ →∞, while other fluid frame variables are less dominant.
As in the de Sitter example, for 43 < γ < 2, the factor ΓH contributes to the
divergence ofHfluid, a
1
fluid and u˙
1
fluid, while the e0 terms contribute to the divergence
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of Hfluid, u˙
1
fluid and (σ+)fluid. In addition, the diverging factor Γn+ contributes to
the diverging (n+)fluid, and Γσ+ contributes to (σ+)fluid.
From the asymptotic behaviour of the extremely tilting models in the fluid frame
variables we have found that the length scale and the Hubble parameter (i.e., the
expansion) diverge in finite proper time, and the singularity is consequently a future
sudden singularity in the sense of Barrow [29]. In addition, the shear and the
acceleration of the fluid congruence also diverge (while the energy density tends
to zero). That is, the fluid congruence experiences a ’finite kinematic’ singularity,
and shares many of the physical properties of a big rip singularity [28]. A ’finite
kinematic’ singularity is the analogue of a ’conformal’ singularity [5, 9] or a ’finite
density’ singularity [9] (in which the energy density tends to a finite value) that
occurs in the Bianchi type V models. In particular, at a ’finite kinematic’ singularity
all of the Weyl invariants remain bounded (although components of the Weyl tensor
can diverge).
7. LRS Bianchi type V extendible solution
As noted earlier, a similar situation can occur to the past. As a final example,
let us consider the asymptotic dynamical behaviour of a class of Bianchi type V
solutions. Collins and Ellis [9] showed that there exists a set of typical LRS Bianchi
V solutions that, into the past, can be extended along the fluid congruence, from a
spatially homogeneous region of spacetime into a stationary region (see their figures
3–7). Along the normal congruence, however, an initial singularity is reached, with
the limits
(46) (Σ+, A, v)→ (Σ+0, 1 + Σ+0, 1), −1 < Σ+0 < 0,
and H ≈ H0e−(1−2Σ+0)τ , Γ ≈ Γ0e−(1−2Σ+0)τ . The proper time elapsed along the
fluid congruence up to the Cauchy horizon is
(47) ∆T =
∫ τ0
−∞
1
ΓH
dτ ≈
∫ τ0
−∞
1
Γ0H0
e2(1−2Σ+0)τdτ ,
which is finite.
Here, we apply the boost formulae to the asymptotic forms to check that the fluid
frame variables are bounded at the Cauchy horizon, consistent with the extendible
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solution:6
Hfluid = − (2− γ)Σ+
2
0 + 2Σ+0 − 2γ
3γ(2− γ)
H0
Γ0
+O(e(1−2Σ+0)τ )
(48)
(a1)fluid =
1
2 (1 + Σ+0)(1 + Σ+0 − 2γΣ+0)
H0
Γ0
+O(e(1−2Σ+0)τ )
(49)
(u˙1)fluid = − (γ − 1)[(2− γ)Σ+
2
0 + 2Σ+0 − 2γ]
γ(2− γ)
H0
Γ0
+O(e(1−2Σ+0)τ )
(50)
(σ+)fluid =
(3γ − 4)(2− γ)Σ+20 − (6γ2 − 18γ + 8)Σ+0 + γ(3γ − 2)
6γ(2− γ)
H0
Γ0
+O(e(1−2Σ+0)τ ) ,
(51)
as τ → −∞, while other components of the fluid frame variables are identically
zero.
Therefore, in this case, although the proper time as measured by an observer
is finite, there is a congruence along which the evolution can be continued into
the past. This raises the question of whether, for any particular exact cosmological
model or corresponding asymptotic state, there exists a congruence whose observers
cross a Cauchy horizon into a space-time region not accessible by the observers along
the standard congruence of the model considered. In particular, it is of interest
to determine whether there is a congruence which can be continued beyond the
asymptotic state in any of the examples discussed above in which an extreme tilt
future asymptotic state is approached in finite proper time.
8. Discussion
We have found that for γ > 43 a ’finite kinematic’ singularity develops in which
the nature of geometrically defined surfaces change from spacelike to null in a finite
time as measured by the fluid. The field equations are structurally unstable, and the
question consequently arises as of whether these models are mathematically well-
defined. In any case, to fully understand the behaviour of these models and their
physical properties, the dynamics need to be studied using a formulation adapted
to the fluid (i.e., utilizing a fluid-comoving frame).
On the other hand, this mathematical behaviour might lead to some interesting
physics. Expanding universes that come to a violent end after a finite proper
time have arisen in a different context. Models with a constant equation of state
parameter γ < 0, dubbed ’phantom energy’, lead to a singularity called the big rip
[28]. In this paradigm, during the cosmic evolution the length scale grows more
rapidly than the Hubble distance and consequently blows up in a finite proper
time, and is typically characterized by a divergent pressure and acceleration. As
6The asymptotic forms for Σ+ and A need to be obtained explicitly up to the order
e2(1−2Σ+0)τ , and Γ up to the order e(1−2Σ+0)τ , as cancellations occur at leading orders to give
the eventual bounded limits. Heuristically, we obtain the asymptotic forms as follows: the ansatz
Σ+ = Σ+0 + Σ+1ek1τ + ..., A = 1 + Σ+0 + A1ek2τ + ..., is substituted into the Σ+- and A-
evolution equations and the constraint equations to give k1 = k2 = 2(1−2Σ+0), and Σ+1 and A1
explicitly in terms of Σ+0 and Γ0. This ansatz is then substituted into the Γ-evolution equation
to give Γ = Γ0e
−(1−2Σ+0)τ +Γ1e
(1−2Σ+0)τ , where Γ1 is given explicitly in terms of Σ+0 and Γ0.
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the big rip singularity is approached, both the strong and weak energy conditions
are violated. 7 The details of the pathological behaviours depend on the particular
phantom cosmological model under consideration, and less violent singularities such
as future sudden singularities are possible [29].
To establish the connection with phantom cosmology we determined the effec-
tive equation of state in the models under consideration. We found that as the
asymptotic state is approached the ultra-radiative perfect fluid effectively behaves
like a phantom energy in an isotropic and spatially flat spacetime. It is important
to note that the energy conditions of the perfect fluid are nowhere violated. In
order to compare the future asymptotic behaviour with the behaviour of various
types of big rip singularities [28] and future sudden singularities [29] we computed
the future asymptotic dynamical behaviour of the tilting models.
Let us discuss the physical consequences of this dynamical behaviour in a little
more detail. The models presumably spend a period of time approximately isotropic
(i.e., close to a flat Friedmann saddle point), with a very small (but non-vanishing)
tilt. Thereafter, the models begin to evolve away from isotropy. Since the tilt is
non-zero, for γ > 43 the models generically evolve towards an asymptotic state with
extreme tilt. As the tilt becomes extreme, observers moving with the tilting fluid
will experience dynamical behaviour mimicking that of a phantom cosmology. We
note that such behaviour seems to be consistent with galaxy, CMB and supernovae
observational data [30]. Moreover, unlike in conventional phantom cosmology, in
the models studied here there is no need for any exotic forms of matter; conventional
matter which is tilting suffices.8 Indeed, other pathologies, such as the existence
of ghosts, are avoided in the models described here.9 In addition, as noted above,
due to the existence of future attractors with extreme tilt the dynamical behaviour
described here is generic.
We have also found that there are tilting SH perfect fluid models with γ < 43
which have extreme tilt asymptotically and have an effective quintessence equation
of state (0 < γeff <
2
3 ) [31]. Unlike the case of the cosmologies with γ >
4
3 discussed
above in which the phantom behaviour is generic, the quintessential behaviour is
typical (i.e., there are other future asymptotic behaviours possible) and model de-
pendent (i.e., it does not occur in all Bianchi models). The details of the extreme
tilt sinks in different Bianchi models for γ ≤ 43 is given in Table 1, and the corre-
sponding ranges of γ that lead to 0 < γeff <
2
3 and thus mimic the dynamics of
quintessence cosmological models is discussed in Section 5.
In future work we shall further study the physics of the models with tilt, from
the perspective of the observers moving with the fluid matter congruence, using
the formalism developed in this paper. We note that the tilting models studied
here agree with observations in the same sense that the phantom cosmologies and
quintessence models agree with observations, and thus deserve further scrutiny. In
particular, we will investigate the effect of tilt on cosmic microwave background
7We are only considering perfect fluid models here; it may be of interest to investigate more
realistic fluids with viscosity.
8In a braneworld approach, accelerating universes can also result without a cosmological con-
stant or other form of dark energy [32].
9This is also the case in alternative models to phantom cosmology which result from alternative
theories of gravity, theories with non-minimal couplings, and models in which the dark energy and
quintessence field interact [33].
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radiation observations. It is possible that these tilting models may offer an ex-
planation for the low quadrupole amplitude and other anomalies on large angular
scales [34] found in the WMAP data [35].
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Appendix A. LRS Bianchi type V models in fluid-frame variables
In the LRS Bianchi type V case, the evolution equations in the fluid frame can
be presented as a system of two ODEs, simplified from the equations for general
spatially inhomogeneous models10 by setting
∂1 = v∂0 , ∂2 = ∂3 = 0 , Σαβ = diag(−2Σ+,Σ+,Σ+) ,(52)
Nαβ = 0 , Aα = (A, 0, 0) , rα = (r, 0, 0) , U˙α = (U˙ , 0, 0) ,(53)
Rα =Wα = 0 , P = 0 , Qα = 0 , Παβ = 0 .(54)
The resulting system is
v′ = (2Σ+ + 3γ − 4)v(55)
Σ′+ = −3(1 + Σ+)G−1− [G+Σ+ + 2(γ − 1)2v2]
− A
3vG−
[(9 + v2)Σ2+ + 2(6γ − 5)v2Σ+ + (3γ − 2)v2] ,(56)
where
A =
−b−√b2 − 4ac
2a
(57)
a = − 12 (3γ − 2)(58)
b = [−3G− + (2 +G−)(1 + Σ+)]/v(59)
c = 32 (2− γ)(1 + Σ+)2 + 3(γ − 1)G−(1 + Σ+)(60)
G± = 1± (γ − 1)v2 .(61)
The other fluid-frame variables are given by
U˙ = 3(γ − 1)v(62)
r
v
= q + 1 = − 3
G−
[G+Σ+ + 2(γ − 1)2v2]− A
3vG−
[(9 + v2)Σ+ + (3γ − 2)v2](63)
K = 2(γ − 1)(1 + Σ+)v2 +A2 + 23v(1 + Σ+)A(64)
Ω = 1− Σ2+ −K .(65)
On approach to the M− point, v tends to −1 and the fluid-frame variables are:
(66) Σ+ = − 12 (3γ − 4) , A = 32 (2− γ) , U˙ = −3(γ − 1) , r = 32 (3γ − 4) ,
which lead to
(67) Ω = P = 0 , Σ2 = 14 (3γ−4)2 , K = 34 (3γ−2)(2−γ) , q = − 12 (9γ−10) .
10See [36] for the general equations in component form.
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Many of the calculations are more straightforward in fluid frame variables. For
example, using these equations we can easily calculate the asymptotic decay rates
(10) and (11) on the approach to M−. We can also calculate the effective equation
of state (assuming that the effective solution is spatially flat and isotropic, so that
Keff = 0 = Σeff , Ωeff = 1 and qfluid =
1
2 (Ω + 3P )eff):
(68) γeff = −(3γ − 4)
which is negative for γ > 43 on approach to M
−.
Appendix B. Boost Formulae
The commutation functions are given by:
(69) [ea, eb] = γ
c
abec
which can be decomposed in the following way:
γ00α = u˙α(70)
γβ0α = −Hδαβ − σαβ − ωαβ − Ωαβ(71)
γ0αβ = 2ωαβ(72)
γµαβ = εαβνn
µν + aαδβ
µ − aβδαµ(73)
where σαβ is symmetric and traceless; nαβ is symmetric; ωαβ and Ωαβ are
antisymmetric. For convenience, we also give the expressions for the compo-
nents in terms of the commutation functions (angled brackets denote trace-
free symmetrization):
H = −13γµ0µ , σαβ = γ〈β0α〉 , ωαβ +Ωαβ = γ[β0α](74)
nαβ = 12ε
µν(βγα)µν , aα = −12γµµα .(75)
The boost formulae for the orthonormal frame vector fields are:
eˆ0 = Γe0 + Γv
µeµ(76)
eˆα = Γvαe0 +Bα
µeµ(77)
where
(78) Bα
µ =
[
δα
µ +
Γ2
Γ + 1
vαv
µ
]
, Γ =
1√
1− v2 , v
2 = vµv
µ .
The corresponding boost formulae for the commutation functions are:
γˆ00α = Γ[eˆ0(Γvα)− eˆα(Γ)]− Γvµ[eˆ0(Bαµ)− eˆα(Γvµ)]
+ (ΓBα
µ − Γ2vαvµ)(Γγ00µ − Γvνγν0µ)
+ ΓvµBα
ν(Γγ0µν − Γvǫγǫµν)(79)
γˆβ0α = −Γvβ[eˆ0(Γvα)− eˆα(Γ)] +Bµβ[eˆ0(Bαµ)− eˆα(Γvµ)]
+ (ΓBα
µ − Γ2vαvµ)(−Γvβγ00µ +Bνβγν0µ)
+ ΓvµBα
ν(−Γvβγ0µν +Bǫβγǫµν)(80)
γˆ0αβ = 2Γeˆ[α(Γvβ])− 2Γvµeˆ[α(Bβ]µ)
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+ 2Γv[αBβ]
µ(Γγ00µ − Γvνγν0µ)
+Bα
µBβ
ν(Γγ0µν − Γvǫγǫµν)(81)
γˆγαβ = −2Γvγ eˆ[α(Γvβ]) + 2Bµγ eˆ[α(Bβ]µ)
+ 2Γv[αBβ]
µ(−Γvγγ00µ +Bνγγν0µ)
+Bα
µBβ
ν(−Γvγγ0µν +Bǫγγǫµν)(82)
The corresponding boost formulae for the components of the commutation
functions are then:
Hˆ =
1
3
[
eˆµ(Γv
µ)− Γ
Γ + 1
vµeˆµ(Γ) + 3ΓH − 2Γaµvµ + Γu˙µvµ
]
(83)
σˆαβ = eˆ〈α(Γvβ〉)−
Γ
Γ + 1
v〈β eˆα〉(Γ)
+ Γσαβ +
Γ4
(Γ + 1)2
[
v2vµσµ〈αvβ〉 − σµνvµvνv〈αvβ〉
]
− Γ2vµ(ωµ〈α +Ωµ〈α)vβ〉 + 2Γ2vµωµ〈αvβ〉
+ Γvµεµν〈αnβ〉
ν +
Γ3
Γ + 1
vµεµν〈αvβ〉n
νǫvǫ
+ Γ2a〈αvβ〉 −
Γ3
Γ + 1
aµv
µv〈αvβ〉
+ Γ2u˙〈αvβ〉 −
Γ3
Γ + 1
u˙µv
µv〈αvβ〉(84)
ωˆαβ + Ωˆαβ = eˆ[α(Γvβ])−
Γ
Γ + 1
v[β eˆα](Γ) +
2Γ
Γ + 1
v[β eˆ0(Γvα])
+ Γ2vµσµ[αvβ]
+ Γ(ωαβ +Ωαβ) +
Γ4v2
(Γ + 1)2
vµ(ωµ[α +Ωµ[α)vβ] + 2Γ
2vµωµ[αvβ]
+ Γvµεµν[αnβ]
ν +
Γ3
Γ + 1
vµεµν[αvβ]n
νǫvǫ
+ Γ2a[αvβ] + Γ
2u˙[αvβ](85)
ωˆαβ = eˆ[α(Γvβ])−
Γ
Γ + 1
v[β eˆα](Γ)
− Γ2vµσµ[αvβ]
+ Γ2vµ(ωµ[α +Ωµ[α)vβ] + Γωαβ −
2Γ3
Γ + 1
vµωµ[αvβ]
− 12Γεαβµnµνvν −
Γ3
Γ + 1
vµεµν[αvβ]n
νǫvǫ
− Γ2a[αvβ] − Γ2u˙[αvβ](86)
nˆαβ =
Γ
Γ + 1
εµν (α|vν eˆµ(Γv|β))−
Γ
Γ + 1
εµν (αvβ)eˆµ(Γvν)
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− Γvµεµν(ασβ)ν −
Γ3
Γ + 1
vµεµν(αvβ)σ
νǫvǫ
− Γvµεµν(α(ωβ)ν +Ωβ)ν)−
Γ3
Γ + 1
vµεµν(αvβ)(ω
νǫ +Ωνǫ)vǫ
− Γεµν(αvβ)ωµν +
2Γ3
Γ + 1
vµεµν(αvβ)ω
νǫvǫ
+ Γnαβ +
Γ4
(Γ + 1)2
[
v2vµnµ(αvβ) − nµνvµvνvαvβ
]
− Γ2vµεµν(αvβ)aν − Γ2vµεµν(αvβ)u˙ν(87)
2aˆα =
Γ
Γ + 1
vµeˆµ(Γvα)− Γ
Γ + 1
vαeˆµ(Γv
µ)
− 2ΓHvα + Γ2vµσαµ − Γ
3
Γ + 1
σµνv
µvνvα
+ Γ2vµ(ωαµ +Ωαµ)− 2Γ2vµωαµ
+ Γ2vµεµναn
νǫvǫ
+ (2 + Γ2v2)aα − Γ
4v2
(Γ + 1)2
aµv
µvα
+ Γ2v2u˙α − Γ2u˙µvµvα(88)
ˆ˙uα = eˆ0(Γvα)− Γ
Γ + 1
vαeˆ0(Γ)
+ ΓHvα + Γ
2vµσαµ − Γ
3
Γ + 1
σµνv
µvνvα
+ Γ2vµ(ωαµ +Ωαµ)− 2Γ2vµωαµ
+ Γ2vµεµναn
νǫvǫ + Γ
2v2aα − Γ2aµvµvα
+ Γ2u˙α − Γ
3
Γ + 1
u˙µv
µvα(89)
The energy-momentum tensor Tab has a standard decomposition relative
to a congruence of world-lines:
(90) T00 = µ , T0α = −qα , Tαβ = pδαβ + παβ ,
where µ is the total energy density, qα is the energy flux, p is the isotropic
pressure and παβ is the trace-free anisotropic pressure, all relative to the
above congruence. These variables are called the source terms.
Boosting the orthonormal frame results in the following boost formulae
for the source terms:
µˆ = µ+ Γ2v2(µ+ p)− 2Γ2qµvµ + Γ2πµνvµvν(91)
pˆ = p+ 13Γ
2v2(µ+ p)− 23Γ2qµvµ + 13Γ2πµνvµvν(92)
qˆα = −Γ2(µ+ p)vα + Γqα + Γ
2(2Γ + 1)
Γ + 1
qµv
µvα
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− Γvµπµα − Γ
3
Γ + 1
πµνv
µvνvα(93)
πˆαβ = Γ
2(µ + p)v〈αvβ〉 − 2Γv〈αqβ〉 −
2Γ3
Γ + 1
qµv
µv〈αvβ〉
+ παβ +
2Γ2
Γ + 1
vµπµ〈αvβ〉 +
Γ4
(Γ + 1)2
πµνv
µvνv〈αvβ〉(94)
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